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Abstract 



The quantum energy- momentum tensor T^ u {x) is computed for strings in Minkowski 
space-time. We compute its expectation value for different physical string states both 
for open and closed bosonic strings. The states considered are described by normalizable 
wave-packets in the center of mass coordinates. We find in particular that T^(x) is 
^\ , finite which could imply that the classical divergence that occurs in string theory as we 

approach the string position is removed at the quantum level as the string position is 
smeared out by quantum fluctuations. 
For massive string states the expectation value of T^ v (x) vanishes at leading order (genus 
zero). For massless string states it has a non- vanishing value which we explicitly compute 
and analyze for both spherically and cylindrically symmetric wave packets. The energy- 
momentum tensor components propagate outwards as a massless lump peaked at r = t. 
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1 Introduction. 



String theory has emerged as the most promising candidate to reconcile general rela- 
tivity with quantum mechanics and unify gravity with the other fundamental interactions. It 
makes sense therefore to investigate the gravitational consequences of strings as we approach 
the Planck scale. 

When particles scatter at energies of the order of or larger than the Planck mass, the 
interaction that dominates their collision is the gravitational one, at these energies the picture 
of particle fields or strings in flat space-time ceases to be valid, the curved space-time geometry 
created by the particles has to be taken into account. This has been our motivation to 
investigate the possible gravitational effects arising from an isolated quantum bosonic string 
living in a flat space-time background, so we may begin a study of the scattering process 
of strings merely by the gravitational interaction between them. The systematic study of 
quantum strings in physically relevant curved space-times was started in [|J and is reviewed 
in extenso in ref.Q. 

In this paper, we calculate the energy- momentum tensor of both closed and open quantum 
bosonic strings in 3 + 1 dimensions. Our target space is the direct product of four dimensional 
Minkowski space-time times a compact manifold taking care of conformal anomalies. 

It has been shown || that the back-reaction for a classical bosonic string in 3 + 1 di- 
mensions has a logarithmic divergence when the spacetime coordinate x — > X(a) that is, 
when we approach the core of the string. This divergence is absorbed into a renormalization 
of the string tension. Copeland et al || showed that by demanding that both it and the 
divergence in the energy-momentum tensor vanish forces the string to have the couplings of 
compactified N = 1, D = 10 supergravity. In this paper we are able to see that when we 
take into account the quantum nature of the strings we lose all information regarding the 
position of the string and therefore any divergences that may appear when one calculates the 
back-reaction of quantum strings are not related to our position with respect to the position 
of the string. 

In the present work, the energy- momentum tensor of the string, T^ v , is a quantum opera- 
tor and it may be regarded as the vertex operator for the emission (absorption) of gravitons in 
the case of closed strings or, for the open string case, as the vertex operator for the emission 
(absorption) of massive spin 2 particles. We compute its expectation value in one-particle 
string states, choosing for the string center of mass wave function a wave packet centered at 
the origin. 

Our results dramatically depend on the mass of the string state chosen. For massive states 
the expectation value of the string energy-momentum tensor identically vanishes at leading 
order (genus zero), thus massive states of closed and open strings give no contribution to 

Massless string states (such as gravitons, photons or dilatons) yield a non-zero results 
which turn out to be spin independent, that is the same expression for gravitons, photons 
and dilatons. 

We consider spherically symmetric and cylindrically symmetric configurations. The com- 
ponents for the string energy density and energy flux behave like massless waves, with the 
string energy being radiated outwards as a massless lump peaked at r = t (for the spheri- 
cally symmetric case). We provide integral representations for < T^ u (r,t) > [eq,(|l4|)l. After 
exhibiting the tensor structure of < T^ u > [eqs.(|l6|) and (19)], the asymptotic behaviour of 
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< T^ u (r,t) > for r —* oo and i fixed and for i — > oo with r fixed is computed. In the first 
regime the energy density and the stress tensor decay as r _1 whereas the energy flux decays 
as r~ 2 . For t — > oo with r fixed, the energy density tends to CP as i~ 6 . That is, the spherical 
wave leaves behind a rapidly vanishing negative energy density. 

For cylindrically symmetric configurations, < T^(p, t) > progagates as outgoing (plus 
ingoing ) cylindrical waves. For large p and fixed t the energy density decays as 1/p and 
the energy flux decays as 1/p 2 - For large t — > oo with p fixed, the same phenomenom of a 
negative energy density vanishing as i -6 appears. 

We restrict ourselves to bosonic strings in this paper. We expect analogous results from 
superstrings, since only massless string states contribute to the expectation values of T^ v . 

The structure of this paper is as follows: in section 2, we consider the string energy- 
momentum tensor as a quantum operator and discuss its quantum ordering problems, ob- 
serving that it can be regarded as a vertex operator. We calculate the expectation value of the 
energy-momentum tensor for different physical states of the strings (for both open and closed 
strings). In section 3, we calculate the string energy-momentum tensor expectation value 
for massless states in spherically symmetric configurations, whilst in section 4 we calculate 
it for cylindrically symmetric configurations which are relevant when we study for example 
cosmic strings which are essentially very long strings. Finally, in section 5 some final remarks 
about our results are stressed. 

2 The string energy- momentum tensor. 

The energy-momentum tensor for a classical bosonic string with tension (a') -1 is given by 

T^(x) = — ?— / dadr (X»X V - X'»X' v )6(x - X(a, r)) (1) 
zira' J 

and the string coordinates are given in Minkowski space-time by 



X*{a, r) = q^ + 2oVV + iVrt £ ~K e~ in( - T -^ + a£ e ~ in( - T+ ^] (2) 
for closed strings and 



X^(a, T)=q fM + 2aVV + iVrt ^ - a£ e~ inT cos na (3) 

for open strings. For closed strings we can set a' = 1/2, so inserting eq. @ in eq. (|l|) and 

rewriting the four dimensional delta function in integral form we obtain for closed strings, 

1 f d^\ 

T»»{x) = - / dadr—-{^f + £[< e -**— ) + < e — + 

n^O V2 

+ [a^a u m e~ in ^-^e- im( - T+ ^ + << 1 e~ in(r+<T) e- im ( T - (T )]} e iX ' x e ~ iXX ^ T \ (4) 
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We can write 

X{a,r) =X cm + X + + X_, 

where X cm = q + pr is the centre of mass coordinate and X + and X_ refer to the terms 
with a n> Q and a n <o in X(a,r) respectively. In this way, we can see now that our energy- 
momentum tensor has the same form as that of a vertex operator, when we recall that the 
vertex operator for closed strings has to have conformal dimension 2 whereas for open strings 
it has to have conformal dimension 1 [10] in order that the string is anomaly free. 

Eq.(|lj) is meaningful at the classical level. However, at the quantum level, one must be 
careful with the order of the operators since X^ and X v do not commute with X(a,r). We 
shall define the quantum operator T^ v {x) by symmetric ordering. That is, 

P iu (x) = — !— / dadr 
1 1 [x> i X v 5(x-X(<r,T)) + X»5(x- X(a,r))X v + 5(x - X(a,r))X»X v 

- X'»X' v 6(x-X(a,T)) } (5) 

This definition ensures hermiticity: 

f^(x)^ = f^{x) 

Let us consider a string on a mass and spin eigenstate with a center of mass wave function 
<p(p)S(p — y/p 2 + m 2 ). An on-shell scalar string state is then 

|*> = / d 4 p tp(p) 5{p° - ^Jp^+m 2 ) \p). 

Here we assume the extra space-time dimensions (beyond four) to be appropriately compact- 
ified, and consider string states in the physical (uncompactified) four dimensional Minkowski 
space-time. 

Now, normal ordering eq.(|j) using eq.(|2|) and taking the expectation value with respect 
to the fundamental scalar state (tachyonic), we get 

^l^ 1 ^ = <*""(*)> = ^ / ^4 d 'P^P 2 ^ iPlPl + P2P2 + PlP2} 

( Pl \e~ lX - x -\ P2 ) <p*(pi)<p(&) 5(A ~ VP! 2 + m\)5{jP 2 - ^p- 2 2 + ml). (6) 

Writing 

{pi\e- lX - x -\p 2 ) = e- tl f- iX P 2T 5 4 {X + p l - P2 ), 

eq.(||) becomes 

(T^(X)) = 3 / T^U d'P^P 2 dT ^ [PlPl+P2P2+P"lP2] 



■ t\ 

e 
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Performing the A and r integrals 

(f^(x)) = ^3 J d 4 Pl d*p 2 e *fe>-*o-* + ^ + pM 

H(3P2 - Pi) ■ (P2 - Pi)) ¥>*(p1MP2) *(p? - VpI 2 + ™?)%° - \/p2 2 + m|). (7) 

The calculation for open strings is obtained by substituing eq.(||) into eq.(j|), with the result 
(setting a' = 1) 



(5((3p 2 - Pi) • (p 2 - pi)) <p*(p!)<p(P2) <5(Pi - \/pl 2 + mf)5(p° - \Jf2 2 + m. 



The extra factor two in eq.(^) comes from the fact that, for closed strings, we have two 
independent sets of oscillation modes. 

Now, in general, we want to take the expectation value with respect to particle states 
with higher (mass) 2 and spin than the tachyonic case. Since we are interested in expectation 
values we must have the same particle in both states, hence mi = m 2 = m. As we shall 
show later, only for massless particle states has the energy-momentum tensor a non-zero 
expectation value. Therefore, let us first consider massless string states. 

For the closed string there is the graviton 

\p;s) = Pi l (n)a l _ 1 a i _ 1 \0) (8) 

and the dilaton 

\P) = P U (n) aL, a\ x \p) (9) 

where p is the momentum (p 2 = 0), s = ± labels the graviton helicity, Pg(n), 1 < i,l < 3 
projects into the spin 2 graviton states and P ll (n) into the (scalar) dilaton state, 

i - P* 

n = w 

Pf[n) = Pj» , n i Pi l (n) = 

Pf(n) = , Pf{n)P${n) = 8 ss , 

pf(n) = if(-n) , P il {n) = 5 il -n i n l . 
The massless vector states (photons) for open strings are given by 

\p-i)=P il {n) al^p) . 
In analogy to the tachyon case eq.(||) we obtain for closed strings 

{p- l \a\a i 1 f^{x)dP_ 1 a^ 1 \p-' 2 ) = ±-J ^d 4 Pl d 4 p 2 dadr A l > im \p»p\ + p^ + rfp% 



(pi\e lX - x e- lX - x -\p 2 ) <p*(p{) <p{&) 5{p\ - ^p~[ 2 + m 2 ) 5(p° 2 - Jfi 2 + m 2 ) , (10) 
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where 

A ijim = A5 ij 5 im _ 25 l 'j\ i \ m - 25 im X l X j + \ l \i\ i \ r ' 
Whereas for the open string case we get, 



2 r . P i(p2-pi)-x 
{p 1 \a\T^{x)a^ l \p 2 ) = -J d 4 Pl d A P2 [5 m (tftf + p£p£ + rffi) 

3 

—^f{Vl -PlY(P2 -Pi)" 1 } S{{3p 2 -Pl) ■ (P2 - Pi)) 



y*(pi)v(P2) $(Pi ~ \Jfi 2 + m 2 )5(p 2 - \Jp2 2 + m 2 ). 
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having performed the a, r and A integrations. 

Projecting on the massless physical states (H) and @ and integrating over p\ and p 2 , 
eqs.(|To|) and (|Tl|) become 

( Pl , S \f^(x)\p 2 ,s) = ^^Jd^dW^-^irfpl+pM+pM 

( P*{Pl)'Pif2) ${P2 ■ Pl), (12) 

( P i\f^(x)\p 2 ) = ^3 J d 3 Pl dW tiP2 - pi) - x (p^i+pM+pM 

<P*(fl)<p(p2) 6(p2'Pl) (13) 

respectively. It is easy to check that this energy-momentum tensor is indeed conserved. 

We will evaluate eq,(|l2D and eq.(13) shortly. For the massive case (m ^ 0) we will now 
show that the equivalent result has to be identically zero. It is convenient to parametrize the 



momenta p\ and p 2 for m ^ in eq.(10) and eq.(ll) as follows: 



pi = m (cosh it, sinhuui) , p 2 = m(coshu,sinhf u 2 ) 
with u\ and u 2 unit three-dimensional vectors and u, v > 0. Then, 

2 

p 2 ■ Pi — m 2 = —— [(1 — ui ■ u 2 ) cosh(n + v) + (1 + Ui ■ u 2 ) cosh(ii — v) — 2] 
The only real root for m/0 corresponds to 

ui = u 2 , u — v = 

and arbitrary u + v. This means that the delta function in eq.fli~3|) sets p\ = p 2 and we arrive 
to a constant (^-independent) result for (T^fx)). 
More precisely, in spherical coordinates 

ui = (cos a sin 7, sin a sin 7, cos 7) , u 2 = (cos f3 sin 5, sin (5 sin S, cos S) 

and we find 

5{p 2 ■ Pi - m 2 ) = - 8% ^ 7r — it \/\p 2 - pi - m 2 \ 6(a - 0)S(j - 5)6(u - v) 

sm7(cosnr — l)m a v 
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So, actually the expectation value {T^ v {x)) vanishes for m 2 ^ since the argument of the 
vanishes at a = /3, 7 = 6, u = v. 

Actually, the only reasonable constant (x-independent) value for (T^ u (x)) describing a 
localized object is precisely zero. From this result we can see that open as well as the closed 
string massive states do not contribute to the expectation value of T^^x). 

It seems that any particle emitted by a freely moving quantum string is massless such as 
photons, gravitons and dilatons. 



3 T^ v {x) for massless string states in spherically symmetric 
configur at ions . 

Let us now consider the expectation value of the energy-momentum tensor for the mass- 
less closed string state given by eq.(12) and eq.(|l^). Notice that such expectation value is 
independent of the value of the particle spin (zero, one or two). 
For such a case, it is convenient to use the parametrization: 

p 1 = E 1 (l,u 1 ) , p 2 = £2(1, -u 2 ) 

with E 1 ,E 2 > 0. 

Then we see that P2 ■ pi = implies u\ ■ u 2 = 1 (unless E\ or E2 vanishes). Therefore E\ 
does not need to be equal to E2 and we find here a non-constant result. 
More precisely, we find in spherical coordinates 



5(p 2 - Pi) 



2tt 



E\E-2 sin 7 



5(a - p)5(rt - 5) 



Inserting this result in eq.(12) and integrating over 112 yields 



<f^(x)> 



7T 



ExdEx E 2 dE 2 cp*(E 1 ,u 1 ) (p(E2,U!) e 



3(2tt) 3 J 
[P1P1 + P2P2 + P1P2} diii 



i{E 2 -E 1 )(t-x-u 1 ) 



(14) 



where du\ = sin7 d'y da, p\ = Ei(l,ui) and now P2 = £2(1, wi). 

Let us consider for simplicity spherically symmetric wave packets ip(E,u) = tp(E). If we take 
x = (0,0, r) we can then integrate over the angles in eq,(|l4|) with the result 



<T uu (t,r)> 



poo poo 

/ E x dE x E 2 dE 2 <p*{ExME 2 ) e l ^~ E ^ 
Jo Jo 



1 

sin(£2 — Ex)r 
(E 2 -Ex)r 



E\ + E\ + ExE2 



(15) 



We can relate the result for arbitrary x = (t, x) with the special case x = (t, 0, 0, z) using 
rotational invariance as follows, 



(T° l (x)) 

<i*(z)> 



x l C(t,r) , i = 1,2,3, 

5 ij A{t,r)+x i x j B(t,r) , i,j = 1,2,3. 



(16) 
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Here 



C(t,r) = (f 03 (t,r = z)) 
A(t,r) = (f 22 (t,r = z)) , B(t,r) = (f 33 (t,r = z)) - (f u (t,r = z)) 
with x l = 2- the unit vector, and 



{T U (t,r = z)) 



i poo roo „i(E2—Ei)t 

-— E x dE x \ E 2 dE 2 <p*(E 1 )<p(E 2 ) — -— 

67r Jo Jo {E 2 - Ei) z r z 



cos(£ , 2 — Ei)r 



sin(£^2 — E\)r 
(E 2 -E 1 )r 



E\ + E 2 + E\E 2 



(f 33 (t,r = z)) 



l r°° 

— / E 1 dE 1 I E 2 dE 2 
on Jo Jo 



E\ + E 2 + E\E 2 



<p*(EME 2 ) 
-2 



JiEz-EJt 



(E 2 -Ex)r [ 
s'm(E 2 — E\)r 



sm(E 2 -E 1 )r + 2 



cos(E 2 — E{)r 
(E 2 - Ex)r 



(f 03 (t,r = z)) 



(E 2 - E x fr 2 



— / E 1 dE 1 / E 2 dE 2 

07T Jo Jo 



E\ + E 2 + E\E 2 



ip*{E x )y{E 2 ) 



e i(E 2 -E 1 )t 

(E 2 - E^r 



cos(E 2 — E\)r 



sm.{E 2 — E\)r 



{E 2 -E l )r 



(17) 



(18) 



The other components satisfy (f 22 (t,r = z)) = (f ll (t,r = z)), (f 01 (t,r = z)) = (f 02 (t,r = 
z)) = (T l2 (t,r = z)) = (T 13 (t,r = z)) = (T 23 (i, r = z)) = 0, as they must be from rotational 
invar iance. 

As we can see the trace of the expectation value of the string energy-momentum tensor 
vanishes. In other words the trace of the energy-momentum tensor induced by a quantum 
string vanishes. Only massless particles are responsible for the field created by the string. 

Notice that 

3A(t,r) + B(t,r) = (T 00 (i,r)) 

due to the tracelessness of the energy-momentum tensor. 

The r and t dependence in the invariant functions (T 00 (i, r)), A(t, r), B(t,r) and C(i, r) 
writing eqs.(|l5|), (17) and ( |l8|) as 



(T W (t,r)) 
A(t,r) 
B{t,r) 
C(t,r) 
where 



- [F(t + r) - F(t - r)} , 
r 

-\ [H{t + r) + H(t - r)] + i [E(t + r) - E(t - r)] , 

- [F(t + r) - F(t - r)] + ^ [H(t + r) + H(t -r)]-\ [E(t + r) 
-- [F(t + r) + F(t -r)}-\ [H(t + r) - H(t - r)] . 



E(t-r)], 
(19) 
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F(x) 



1 

12^ Jo 

sin(£ , 2 — E\)x - 



(E2-E1) 



E l dE l / E 2 dE 2 ip{E 1 )ip{E 2 ) 
E\ + E\ + E\E 2 ■ 



(20) 



Notice that .F(x) = —H'(x) and -ff(x) = E'{x). These relations guarantee the conserva- 
tion of {f» v (x)), 

§-t {f ° U{x)) + ^ {fW{x)) = ° • 
We choose a real wave-packet (p(E) decreasing fast with E and typically peaked at E = 0. 
For example a gaussian wave-packet y>{E): 



<p(E) = — 



2a \ 3 / 4 



-aE 2 



IT I 



(21) 



We see from eq.(|T9j) that the energy density (T 00 (r, t)) and the energy flux (T 0l (r, t)) 
behave like spherical waves describing the way a string massless state spreads out starting 
from the initial wave-packet we choose. 

In order to compute the asymptotic behaviour of the function F(x) we change in eq.(^ 
the integration variables 



We find 



E 2 — E\ = vt / x , E 2 + E\ = v . 



F x = i^r v dv / — v(« ! + - M« 1-- ) 

1927T Jo JO t 2 a; 2 a; 



192vr 7 
sin(ur) 



/o 

r 2 r 4 ' 

3 "2--- 

ar ar 



Now, we can let x — > 00 with the result 



F(x) = ±- 



We find through similar calculations, 



E(x 



H(x) ^ J*- Id + * + A + 0( 1) 

x-ioo M 2 . JV a: y(0) 2 1 

= x siqn(x) H — 5- + GH — ). 

8 y w 4vr 90vrx 3 V y 



Here, 



M 



/ E 4 dEip(E) 2 and N = E 3 dE cp(Ef 
Jo Jo 



For the gaussian wave packet (f21h they take the values 



M 



167ra 



and N 



(2vr) 3 / 2 ^ " 
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To gain an insight into the behaviour of (T^), we consider the limiting cases: r — > oo, t 
fixed, r = t —* oo and t — > oo, r fixed with the following results: 
a) r — > oo, i fixed 

2 r 157T r° r' 

B(r,t) ^ _^fl-^ + ^ + (l) 
4 r \ r 2 I 157T r 6 r 7 



and 



M t 1 
j r r 



b) r = t and large 



4 r 2407T r° r ' 



C(r,t) " "°° 4r + 4vrr 2 480ttV 6 + ° ( - 7) 



3M iV (^(O) 5 



c) t — > oo, r fixed 



A(r,t) *=°° + O(t" 6 ) , 
S(r,i) *=°° + O(t~ 6 ) , 

C(r,t) *=°° + O(t~ 7 ) . 

Thus, as we mentioned earlier the energy density, the energy flux and the components of 
the stress tensor propagate as spherical outgoing waves. For t fixed, the energy density decays 
as r _1 while the energy flux decays as r~ 2 . This corresponds to a r-independent radiated 
energy for large r. 

For r fixed and large t, the energy density decays rapidly as 0(l/t 6 ). We curiously find 
a negative energy density in this regime. The spherical wave seems to leave behind a small 
but negative energy density. Notice that T 00 is not a positive definite quantity for strings 
[see eq.©]. 
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It must be stressed that the expectation value of the energy-momentum tensor is every- 
where finite. Even at the potentially troublesome limit, for r and t approaching zero, a 
careful examination of eqs. ([15-18) shows that all {T^ v {x)) components are finite constants 
in such a limit. 

These last results were derived using a gaussian shape for the wave packet. It is clear that 
the results will be qualitatively similar for any fast-decaying wave function <p(E). 

It should be noted that analogous but not identical results follow for massless waves. A 
spherically symmetric solution of the wave equation in D = 3 + 1 dimensions 



takes the form, 



d 2 (f>(r,t) = 



1 



r,t) = -[f{t-r)+g(t + r)} 



(22) 



where f(x) and g{x) are arbitrary functions. The energy-momentum tensor for such a massless 
scalar field can be written as: 



Inserting eq.(|22j) into eq.(|23|) yields, 



f 2 + g rz + 



f + 9 
2r 



2(/'-</) + 



(23) 



f + 9 



1 

2^2 



g' 2 -f 

5 ij + 



12 



1 



r 

2x*2 jf 



(/ + <?)(/' -</) 



f'-g' + -(f + g) 



We see that the string T^ v scales as 1/r [eq.([l9|)] whereas the field T? v scales as 1/r 2 . Perhaps 
the slower T^ v decay for strings can be related to the fact that they are extended objects. 



4 T^ v for massless string states in cylindrically symmetric con- 
figurations. 

Cosmic strings can be considered as essentially very long straight strings in (almost) cylindri- 
cally symmetric configurations. Although they behave as fundamental strings only classically 
and in the Nambu approximation (that is, zero string thickness), it is important to study the 
expectation value of T^ v {x) for a cylindrically symmetric configuration. It would be inter- 
esting to see if there is an equivalent quantum version of the deficit angle found for cosmic 
strings H. Consider a cylindrically symmetric wave packet 



ip(E,u) = (p(E,j). 



(24) 



We can rewrite the integral ( |i~4| ) in a more convenient way to analyse (T^ v (x)) in a cylindrical 
configuration as follows: 
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(f^(x)} 



poo p7T p2ir 

., , E\dE\ \ E 2 dE 2 / d7siri7 / da ip*(Ei, 7) tp(E 2 , 7) 
247H Jo Jo Jo Jo 

e i{E2-E x )t e i(£ 2 -£ 1 )pco S asin 7 ^ p u + p » p u + p ^ ^ 



where we have choosen x = (p, 0,0) , u\.x = pcosa sin 7, and L is the radius of a large 
sphere. 

Integrating over a in eq.(p5|) we find 



(f 00 (t,p)) 



I y 00 poo pn 

— — / E\dE\ \ E 2 dE 2 I d-/ sin j if* (Ei, j)(p(E 2 ,j) 
127T Jo Jo Jo 

E\ + #f + Ekfy] J ([£i - £ 2 ]p sin 7) e *(^~^)* , 



(T 33 ^)) = — / SidBi / £2^2/ d 7 sin 7 cos 2 7 ^(^1,7)^(^2,7) 

127T Jo Jo JO 

E\ + ^ + E X E 2 \ J ([Ei - E 2 ]p sin 7) e ^-£i)t ? 



<T 03 (t,p)) 



j /"OO y CO /-TT 

— — / EidEx / E 2 dE 2 / c?7 sin 7 cos 7 y>* (E 1 ,^f)(p(E 2 , 7) 

127T Jo Jo JO 

£ 2 + Eg + E X E 2 ] J ([Ei - E 2 ]p sin 7) e ^~ E ^ . 



(26) 



Using rotational invariance around the z-axis we can express T a ^(x), T 3a (x) and T 0a (x), a, (3 
1, 2 as follows 

f al3 (x) = 5 af3 a{t,p)+e a eP b(t,p) 
f 0a (x) = e a c(t,p) , f 3a (x) = e a d(t,p) 

where e a = (cos 4>, sin <f>). The coefficients a(t, p),b(t, p),c(t, p) and d(t,p) follow from the 
calculation for p = x (that is 4> = 0): 

a(t,p) = (f 22 (t,p = x)) , b(t,p) = (f u (t,p = x))-(f 22 (t,p = x)) , 

c(t,p) = (f 01 (t,p = x)) , d(t,p) = (f 13 (t,p = x)) 
We find from eqs.(p3, |25T) at p = x, 



(T n (t,p = x)) 



(f 22 (t,p = x)) 



1 p 00 poo p7v 

— E x dE x \ E 2 dE 2 / d 1 sin 3 7 ^(^,7)^(^,7) e l ^~ E ^ 

247T Jo Jo JO 

E 2 + E 2 + E X E 2 ] [J ([£i - E 2 ]p sin 7 ) - J 2 ([£?i - £ 2 ]p sin 7)] , 

— / EkdEx I E 2 dE 2 d 1 sin 2 7^(^1,7)^(^2,7) 

127T Jo Jo JO 



Ei + E% + E\E 2 J 1 ([^i-^ 2 ]psin7) 



e i(E 2 --Bi)t 
(El - £ 2 )P ' 
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(f 01 (t,p = x)) 



(f 13 (t,p = x)) 



E x dEi / E 2 dE 2 / (27 sin 7 (p*(E 1 , j)<p(E 2 , 7) 

LZ7T Jo JO JO 

El + El + E X E 2 ] JxdEi - E 2 ]p sin 7) e i{E2 - El)t , 



EidEi / E 2 dE 2 / cfry sin 7 cos 7 <p*(Ei, •y)if(E 2 , 7) 

127T Jo JO JO 



+ E\ + £ x £ 2 ] - E 2 ]p sin 7) e *(^-^)* ; ( 27 ) 

where J n (z) stand for Bessel functions of integer order. Cylindrical symmetry also results in 
(f 02 (t, p = x)) = (f 12 (t, p = x)) = {f 23 (t, P = x))= 0. 
For a wave packet symmetric with respect to the xy plane, 

<p(E,i) = <p(E,tt - 7) , 

and we find 



Notice that 



d(t,p) = (T Li (t,p = x))=0, (T^(t,p)} = 



2a(t,p) + b(t,p) + (T M (t,p)) = (T uu (t,r)) 



due to the tracelessness of the energy- momentum tensor. 

In order to compute the asymptotic behaviour p — > 00, we change in eq.(^6||27]) the 
integration variables 

E 2 — E\ = vrf p , E 2 + E\ = v . 
We find for the energy for a real tp(E,j), 



(T w (t,p)) 



— / v 5 dv / dr / sin7 (27 c^(-[l + -],7)<^(-[l - -],7) 

647r p Jo Jo Jo 2 p 2 



COs(vTt/p) 



10 Jo 
3p 2 3 p 4 



P 



Jo (vt sin 7) 



This representation is appropriate to compute the limit p — > 00 with t fixed. We find in such 
limit, 



(T W (t,p)) 



p— >oo 



1 r°° r 
- / E 4 dE / d 7 

2-7T p Jo Jsin~/>t/p 



ip(E,rf 



t 



psm7 



where we used the formula 



v a 2 — b 2 



We can further simplify (T 00 (t,p)) for p» t yielding 

27T p Jo JO P 
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That is, the energy decays as p -1 for large p and fixed t. 

We analogously compute the p — ► do, t fixed behaviour of the other components of 
{T^ u {x)) with the following results 



a(t,p) 
a(t,p) + b(t,p) 



(f 33 (t,p)) 



c(t,p) 



p— >oo 



p^OO 



p—*oo 



p— >oo 



p— >oo 



p— >oo 



J- fVd£ / d 7 <p(E, 7 ) 2 sin 2 7 J\-(-L_ 

2TT p Jo Jsm-y>t/p V VpSin 7 

*2 roo /■ <p(£,7) 2 



27T p 6 Jo Jsin 7 >t/p 



1 



PS1117 



(T w (t,p)), 



1 r 00 
J- / E 4 dE 

2tT p Jo Jsin-y>t/p 



. 2 ^(^7) 2 
a 7 cos 7 



27T p 2 Jo 
~(f 00 (t,p)) 



E 4 dE / d7 

J sin7>t/ p 



VP sm 7/ 



1 



(-+-) 

VP sm 7/ 



The calculation of the t — > oo behaviour for p fixed can be easily obtained from eq.(| 
undoing the integration over a. That is, 



(T°°(t,p)) 
where 



1 



2tt 



24vr 2 J d7sin7 / da [/3(7>a)/i (%«) + /l(7, «)/! (7, «) + ^2(7, a)/ 2 *(7> «)] I 

(28) 

(29) 



/•oo 

/n(7.«) = / E n dE V (E, 7 ) e 
Jo 



iE(p sin 7 sin a— t) 



We explicitly see here (T 00 (i, p)) as a superposition of outgoing and ingoing cylindrical waves. 
The integral (|29|) is dominated in the t —* 00 limit by its lower bound. We find, 



/ n ( 7 , a) * =°° n!(-i) n+1 (p(0, 7) i"^ 1 [l + O^ 1 ) 
Inserting this result in eq.(p8|) yields 



(T 00 (t, p)) 



3vr t 6 



cfy sin 7 (^(0,7) 2 [l + 0(r v ) 



Using the same technique we find for the t —* 00 behaviour for p fixed of the other 
(T^(t,p)) components, 



<r"(t, P )> 

a(i,p) 



t— »oo 



3vrt 6 7 



3vrt 6 7 



c?7 sin 7 cos 2 7 <p(0, 7) 2 1 + 0(t 1 ) 
dj sin 3 7 <p(0, 7) 2 [l + O^ 1 ) 
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b(t, P ) *=°° + O(r 7 ), 
c(t, P ) *=°° o + o(r 7 ). 

As before, a typical form of the wave function (p(E, 7) is a gaussian Ansatz 

^E, 7) = ) e~ £2(a2 sin2 7+62 cos2 7) (30) 

where a 2 and 6 2 are constants. 

From the expressions above we can see that for large t and p fixed the energy density 
decays rapidly as 0(l/t e ) whilst the energy flux vanishes. For p large and fixed t the situation 
is similar to the spherical one, the energy density decays as 1/p and the energy flux decays 
as 1/p 2 . 

If we go now to regions where both p and t are small, we find after a careful examination 
of {T^ y ) that all of its components are finite constants in such limit. 

5 Final remarks. 

An important point we need to stress, is the fact that, in contrast to what happens in the 
classical theory where there is a logarithmic divergence as we approach the core of the string 
H , in the quantum theory we can obtain a metric where, if any divergences are present these 
are not related at all to the position of the string jlOfl . We showed, that the localised behaviour 
of the string given by 5(x — X{o~,t)) dissappears when we take into account the quantum 
nature of the strings. In the classical theory of radiating strings, divergences coincide with 
the source of the gravitational field. However, as we have seen, quantum mechanically this is 
not the case. The source position is smeared by the quantum fluctuations. The probability 
amplitude for the centre of mass string position is given by the Fourier transform of (p(p) and 
is a smooth function peaked at the origin. 

We show that all components of (T^ v ) are finite everywhere both in the cylindrically 
and in the spherically symmetric cases. [This finiteness was already observed in ref.Q for 
shock- wave spacetimes]. The present results support the belief that string theory is a finite 
theory. 
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